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Abstract
Let H be a subgroup of a finite group G. We say that H satisfies partial Π-property in
G if there exists a chief series ΓG : 1 = G0 < G1 < · · · < Gn = G of G such that for every
G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G/Gi−1 : NG/Gi−1(HGi−1/Gi−1 ∩ Gi/Gi−1)|
is a pi(HGi−1/Gi−1 ∩Gi/Gi−1)-number. Our main results are listed here:
Theorem A. Let F be a solubly saturated formation containing U and E a
normal subgroup of G with G/E ∈ F. Let X E G such that F ∗p (E) ≤ X ≤ E.
Suppose that for any Sylow p-subgroup P of X, every maximal subgroup of
P satisfies partial Π-property in G. Then one of the following holds:
(1) G ∈ Gp′F.
(2) X/Op′(X) is a quasisimple group with Sylow p-subgroups of order p. In
particular, if X = F ∗p (E), then X/Op′(X) is a simple group.
Theorem B. Let F be a solubly saturated formation containing U and E a
normal subgroup of G with G/E ∈ F. Suppose that for any Sylow p-subgroup
P of F ∗p (E), every cyclic subgroup of P of prime order or order 4 (when P is
not quaternion-free) satisfies partial Π-property in G. Then G ∈ Gp′F.
This manuscript has been published in J. Group Theory ([J. Group Theory
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mistakes in this paper. The following is a corrected and improved version.
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1 Introduction
All groups considered in this paper are finite, G always denotes a group and p denotes a prime.
Let pi denote a set of some primes and pi(G) denote the set of all prime divisors of |G|. Gp
denotes a Sylow p-subgroup of G and |G|p denotes the order of Gp. An integer n is called a
pi-number if all prime divisors of n belong to pi.
Recall that a class of groups F is called a formation if F is closed under taking homomorphic
image and subdirect product. A formation F is said to be saturated (resp. solubly saturated) if
G ∈ F whenever G/Φ(G) ∈ F (resp. G/Φ(N) ∈ F for a solvable normal subgroup N of G). A
G-chief factor L/K is said to be F-central (resp. F-eccentric) in G if (L/K)⋊(G/CG(L/K)) ∈
F (resp. (L/K) ⋊ (G/CG(L/K)) /∈ F). Following [16], a normal subgroup N of G is called
piF-hypercentral in G if every G-chief factor below N of order divisible by at least one prime
in pi is F-central in G. Let ZpiF(G) denote the piF-hypercentre of G, that is, the product of all
piF-hypercentral normal subgroups of G. Let ZF(G) denote the F-hypercentre of G, that is,
ZF(G) = ZPF(G).
We use U (resp. Up) to denote the class of finite supersolvable (resp. p-supersolvable)
groups and N (resp. Np) to denote the class of finite nilpotent (resp. p-nilpotent) groups.
Also, the symbol Gpi denotes the class of all finite pi-groups. All notations and terminology
not mentioned are standard, as in [10, 13, 22].
In [25], Li introduced the concept of Π-property as follows: a subgroup H of G is said to
satisfy Π-property in G if for every G-chief factor L/K, |G/K : NG/K(HK/K ∩ L/K)| is a
pi(HK/K ∩L/K)-number. Now we introduce the following concept which generalizes a large
number of known embedding property (see Section 7 below).
Definition 1.1. A subgroup H of G is said to satisfy partial Π-property in G if there exists
a chief series
ΓG : 1 = G0 < G1 < · · · < Gn = G
ofG such that for everyG-chief factorGi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G/Gi−1 : NG/Gi−1(HGi−1/Gi−1∩
Gi/Gi−1)| is a pi(HGi−1/Gi−1 ∩Gi/Gi−1)-number.
Obviously, a subgroup H of G which satisfies Π-property in G also satisfies partial Π-
property in G. However, the converse does not hold as the following example illustrates.
Example 1.2. Let L1 = 〈a, b | a
5 = b5 = 1, ab = ba〉 and L2 = 〈a
′, b′〉 be a copy of L1. Let α be
an automorphism of L1 of order 3 satisfying that a
α = b, bα = a−1b−1. Put G = (L1×L2)⋊〈α〉.
For any subgroup H of G of order 25, there exists a minimal normal subgroup N of G such
that H ∩ N = 1 (for details, see [18, Example]). Note that ΓG : 1 < N < HN < G is a
chief series of G. Then H satisfies partial Π-property in G. Now let H ′ = 〈a〉 × 〈a′〉. Since
|G : NG(H
′ ∩ L1)| = |G : NG(〈a〉)| = 3, we have that H
′ does not satisfy Π-property in G.
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Recall that the generalized Fitting subgroup F ∗(G) of G is the quasinilpotent radical of
G (for details, see [23, Chapter X]). Note that G is said to be p-quasinilpotent if G induces
inner automorphisms on each of its chief factors of order divisible by p. Following [24], the
p-generalized Fitting subgroup F ∗p (G) of G is the p-quasinilpotent radical of G.
In this paper, we arrive at the following main results.
Theorem A. Let F be a solubly saturated formation containing U and E a normal subgroup
of G with G/E ∈ F. Let X E G such that F ∗p (E) ≤ X ≤ E. Suppose that for any Sylow
p-subgroup P of X , every maximal subgroup of P satisfies partial Π-property in G. Then one
of the following holds:
(1) G ∈ Gp′F.
(2) X/Op′(X) is a quasisimple group with Sylow p-subgroups of order p. In particular, if
X = F ∗p (E), then X/Op′(X) is a simple group.
Theorem B. Let F be a solubly saturated formation containing U and E a normal subgroup
of G with G/E ∈ F. Suppose that for any Sylow p-subgroup P of F ∗p (E), every cyclic subgroup
of P of prime order or order 4 (when P is not quaternion-free) satisfies partial Π-property in
G. Then G ∈ Gp′F.
Theorem C. Let F be a solubly saturated formation containing U and E a normal subgroup
of G with G/E ∈ F. Let X EG such that F ∗(E) ≤ X ≤ E. Suppose that for any non-cyclic
Sylow subgroup P of X , either every maximal subgroup of P satisfies partial Π-property in
G, or every cyclic subgroup of P of prime order or order 4 (when P is not quaternion-free)
satisfies partial Π-property in G. Then G ∈ F.
The following propositions are the main stages of the proof of the above main results.
Proposition 1.3. Suppose that P is a normal p-subgroup of G. If every maximal subgroup
of P satisfies partial Π-property in G, then P ≤ ZU(G).
Proposition 1.4. Let E be a normal subgroup of G and P a Sylow p-subgroup of E. If every
maximal subgroup of P satisfies partial Π-property in G, then either E ≤ ZpU(G) or |E|p = p.
Proposition 1.5. Suppose that P is a normal p-subgroup of G. If every cyclic subgroup of
P of prime order or order 4 (when P is not quaternion-free) satisfies partial Π-property in G,
then P ≤ ZU(G).
Proposition 1.6. Let E be a normal subgroup of G and P a Sylow p-subgroup of E. If
every cyclic subgroup of P of prime order or order 4 (when P is not quaternion-free) satisfies
partial Π-property in G, then E ≤ ZpU(G).
Proposition 1.7. Let E be a normal subgroup of G and P a Sylow p-subgroup of E with
(|E|, p− 1) = 1. If either every maximal subgroup of P satisfies partial Π-property in G, or
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every cyclic subgroup of P of prime order or order 4 (when P is not quaternion-free) satisfies
partial Π-property in G, then E ∈ Np.
Finally, we list the following corollaries which can be deduced from our theorems.
Corollary 1.8. Let F be a formation containing Np which satisfies Gp′F = F and E a normal
subgroup of G with G/E ∈ F. Suppose that for any Sylow p-subgroup P of E, NG(P ) ∈ Np
and either every maximal subgroup of P satisfies partial Π-property in G, or every cyclic
subgroup of P of prime order or order 4 (when P is not quaternion-free) satisfies partial
Π-property in G. Then G ∈ F.
Corollary 1.9. Let F be a solubly saturated formation containingN and E a normal subgroup
of G with G/E ∈ F. Suppose that every subgroup of F ∗(E) of prime order is contained in
Z∞(G) and every cyclic subgroup of F
∗(E) of order 4 (when the Sylow 2-subgroups of F ∗(E)
are not quaternion-free) satisfies partial Π-property in G. Then G ∈ F.
2 Preliminaries
Lemma 2.1. Let H ≤ G and N EG. Then:
(1) If H satisfies partial Π-property in G, then Hg satisfies partial Π-property in G for
every element g ∈ G.
(2) If H is a p-subgroup of G, H ≤ N and H satisfies partial Π-property in G, then H
satisfies partial Π-property in N .
(3) If either N ≤ H or (|H|, |N |) = 1 and H satisfies partial Π-property in G, then HN/N
satisfies partial Π-property in G/N .
(4) Let P be a Sylow p-subgroup of H . If every maximal subgroup of P satisfies partial Π-
property in G and N ≤ H , then every maximal subgroup of PN/N satisfies partial Π-property
in G/N .
(5) If HN/N satisfies partial Π-property in G/N and there exists a chief series ΓN :
1 = N0 < N1 < · · · < Nn = N of G below N such that for every G-chief factor Ni/Ni−1
(1 ≤ i ≤ n) of ΓN , |G : NG(HNi−1 ∩Ni)| is a pi((HNi−1 ∩Ni)/Ni−1)-number, then H satisfies
partial Π-property in G.
Proof. Statements (1) and (5) are obvious.
(2) Suppose that H is a p-subgroup of G, H ≤ N and H satisfies partial Π-property in G.
Then there exists a chief series
ΓG : 1 = G0 < G1 < · · · < Gn = G
of G such that for every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG(HGi−1 ∩Gi)| is a
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p-number. Now consider the normal series
ΓN : 1 = G0 ∩N ≤ G1 ∩N ≤ · · · ≤ Gn ∩N = N
of N . Avoiding repetitions, for every normal section (Gi ∩N)/(Gi−1 ∩N) (1 ≤ i ≤ n) of ΓN ,
we have that H(Gi−1 ∩N) ∩ (Gi ∩N) = (H ∩Gi)(Gi−1 ∩N) = (H ∩Gi)Gi−1 ∩N . It follows
that NG((H ∩Gi)Gi−1) = NG((H ∩Gi)Gi−1 ∩N), and so |N : NN (H(Gi−1 ∩N) ∩ (Gi ∩N))|
is a p-number. Let L/K be an N -chief factor such that Gi−1 ∩ N ≤ K ≤ L ≤ Gi ∩ N . Note
that
NN(H(Gi−1 ∩N) ∩ (Gi ∩N)) ≤ NN((H(Gi−1 ∩N) ∩ L)K) = NN(HK ∩ L).
Therefore, we get that |N : NN(HK ∩ L)| is a p-number. This shows that H satisfies partial
Π-property in N .
(3) Suppose that either N ≤ H or (|H|, |N |) = 1 and H satisfies partial Π-property in
G. Then for every normal subgroup X of G, we have that HN ∩ XN = (H ∩ X)N . As H
satisfies partial Π-property in G, there exists a chief series
ΓG : 1 = G0 < G1 < · · · < Gn = G
of G such that for every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG(HGi−1 ∩Gi)| is a
pi((HGi−1 ∩Gi)/Gi−1)-number. Now consider the normal series
ΓG/N : 1 = G0N/N ≤ G1N/N ≤ · · · ≤ GnN/N = G/N
of G/N . Avoiding repetitions, for every normal section (GiN/N)/(Gi−1N/N) (1 ≤ i ≤ n)
of ΓG/N , we have that HGi−1N ∩ GiN = (H ∩ Gi)Gi−1N . Obviously, NG((H ∩ Gi)Gi−1) ≤
NG((H ∩ Gi)Gi−1N). Hence |G : NG(HGi−1N ∩ GiN)| is a pi((H ∩ Gi)Gi−1/Gi−1)-number.
Note that Gi ∩Gi−1N = Gi−1 for GiN 6= Gi−1N . Then it is easy to see that
pi((HGi−1N ∩GiN)/Gi−1N) = pi(H ∩Gi/H ∩Gi ∩Gi−1N) = pi((H ∩Gi)Gi−1/Gi−1).
This shows that HN/N satisfies partial Π-property in G/N .
(4) Let T/N be a maximal subgroup of PN/N . Then T/N = P1N/N , where P1 is a
maximal subgroup of P such that P1 ∩ N = P ∩ N . By hypothesis, P1 satisfies partial Π-
property in G. Note that P1N ∩ XN = (P1 ∩ X)N for every normal subgroup X of G.
Similarly as the proof of (3), we can obtain that T/N = P1N/N satisfies partial Π-property
in G/N , and thus (4) holds.
If P is either an odd order p-group or a quaternion-free 2-group, then let Ω(P ) denote the
subgroup Ω1(P ), otherwise Ω(P ) denotes Ω2(P ).
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Lemma 2.2. [8, Lemma 2.8] Let F be a solubly saturated formation, P a normal p-subgroup
of G and C a Thompson critical subgroup of P . If either P/Φ(P ) ≤ ZF(G/Φ(P )) or Ω(C) ≤
ZF(G), then P ≤ ZF(G).
Lemma 2.3. [3, Lemma 2.1.6] Let G be a p-supersolvable group. Then G′ is p-nilpotent. In
particular, if Op′(G) = 1, then G has a unique Sylow p-subgroup.
Lemma 2.4. [22, VI, Theorem 14.3] Suppose that G has an abelian Sylow p-subgroup P .
Then G′ ∩ Z(G) ∩ P = 1.
Lemma 2.5. Let F be any formation and E EG.
(1) [36, Theorem B] If F ∗(E) ≤ ZF(G), then E ≤ ZF(G).
(2) [37, Lemma 2.13] If F ∗p (E) ≤ ZpF(G), then E ≤ ZpF(G).
Lemma 2.6. [37, Lemma 2.11] Let F be a solubly saturated formation containing U. Suppose
that E EG with G/E ∈ F.
(1) If E ≤ ZU(G), then G ∈ F.
(2) If E ≤ ZpU(G), then G ∈ Gp′F.
Lemma 2.7. [4, Lemma 3.1] Let G be a group whose Sylow p-subgroups are cyclic groups of
order p. Then: either (1) G is a p-solvable group, or (2) G/Op′(G) is a quasisimple group such
that Soc(G/Op′(G)) = O
p′(G/Op′(G)) is a simple group whose Sylow p-subgroups are cyclic
groups of order p.
Lemma 2.8. [38, Lemma 3.1] Let G be a non-abelian quaternion-free 2-group. Then G has
a characteristic subgroup of index 2.
Lemma 2.9. [8, Lemma 2.10] Let C be a Thompson critical subgroup of a nontrivial p-group
P .
(1) If p is odd, then the exponent of Ω1(C) is p.
(2) If P is an abelian 2-group, then the exponent of Ω1(C) is 2.
(3) If p = 2, then the exponent of Ω2(C) is at most 4.
Following [5], let Ψp(G) = 〈x | x ∈ G, o(x) = p〉 if p is odd, and Ψ2(G) = 〈x | x ∈ G, o(x) =
2 or 4〉.
Lemma 2.10. [5, Theorem 6] Let K be a normal subgroup of G with G/K contained in a
saturated formation F. If Ψp(K) ≤ ZF(G), then G/Op′(K) ∈ F.
Lemma 2.11. [2, Corollary 2] Let P be a Sylow 2-subgroup of G. If P is quaternion-free and
Ω1(P ) ≤ Z(G), then G is 2-nilpotent.
Lemma 2.12. Let p be a prime divisor of |G| with (|G|, p − 1) = 1. If G has cyclic Sylow
p-subgroups, then G is p-nilpotent.
Proof. Prove similarly as [33, (10.1.9)].
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3 Proof of Theorem A
Proof of Proposition 1.3. Suppose that the result is false and let (G,P ) be a counterex-
ample for which |G|+ |P | is minimal. We proceed via the following steps.
(1) G has a unique minimal normal subgroup N contained in P , P/N ≤ ZU(G/N) and
|N | > p.
Let N be a minimal normal subgroup of G contained in P . By Lemma 2.1(3), (G/N, P/N)
satisfies the hypothesis. Then P/N ≤ ZU(G/N) by the choice of (G,P ). If |N | = p, then
N ≤ ZU(G), and so P ≤ ZU(G), which is absurd. Hence |N | > p. Now suppose that G has a
minimal normal subgroup R contained in P , which is different from N . Then P/R ≤ ZU(G/R)
as above. It follows that NR/R ≤ ZU(G/R), and thereby N ≤ ZU(G) for G-isomorphism
NR/R ∼= N . Therefore, we have that P ≤ ZU(G), a contradiction. This shows that (1) holds.
(2) Φ(P ) 6= 1.
If Φ(P ) = 1, then P is elementary abelian. This induces that N has a complement S in
P . Let L be a maximal subgroup of N such that L is normal in some Sylow p-subgroup Gp of
G. Then L 6= 1 and H = LS is a maximal subgroup of P . By hypothesis, H satisfies partial
Π-property in G. Then G has a chief series ΓG : 1 = G0 < G1 < · · · < Gn = G such that
for every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG(HGi−1 ∩ Gi)| is a p-number.
Note that there exists an integer k (1 ≤ k ≤ n) such that Gk = Gk−1 × N . It follows that
|G : NG(HGk−1 ∩ Gk)| is a p-number, and so |G : NG(HGk−1 ∩ N)| is a p-number. Since
L ≤ HGk−1∩N ≤ N , we have that either HGk−1∩N = N or HGk−1∩N = L. In the former
case, if Gk−1 ∩ P 6= 1, then N ≤ Gk−1 by (1), which is impossible. Hence Gk−1 ∩ P = 1, and
thus N ≤ H(Gk−1 ∩ P ) = H , a contradiction. In the latter case, since L E Gp, we get that
LEG, also a contradiction. Thus (2) follows.
(3) Final contradiction.
Since Φ(P ) 6= 1 and N is the unique minimal normal subgroup of G contained in P , we
have that N ≤ Φ(P ). This deduces that P/Φ(P ) ≤ ZU(G/Φ(P )). Then by Lemma 2.2,
P ≤ ZU(G). The final contradiction completes the proof.
Proof of Proposition 1.4. Suppose that the result is false and let (G,E) be a counterex-
ample for which |G|+ |E| is minimal. We proceed via the following steps.
(1) Op′(E) = 1.
If Op′(E) 6= 1, then the hypothesis holds for (G/Op′(E), E/Op′(E)) by Lemma 2.1(3).
The choice of (G,E) implies that either E/Op′(E) ≤ ZpU(G/Op′(E)) = ZpU(G)/Op′(E) or
|E/Op′(E)|p = p. It follows that either E ≤ ZpU(G) or |E|p = p, a contradiction.
(2) E = G.
Suppose that E < G. By Lemma 2.1(2), (E,E) satisfies the hypothesis. By the choice of
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(G,E), either E ∈ Up or |E|p = p. We may, therefore, assume that E ∈ Up. Then by (1) and
Lemma 2.3, we get that P EE, and so P EG. By Proposition 1.3, we have that P ≤ ZU(G).
This induces that E ≤ ZpU(G), which is absurd.
(3) G has a unique minimal normal subgroup N , p | |N |, and either G/N ∈ Up or |G/N |p =
p.
Let N be a minimal normal subgroup of G. By Lemma 2.1(4), (G/N,G/N) satisfies the
hypothesis. By the choice of (G,E), we have that either G/N ∈ Up or |G/N |p = p. Since
Op′(G) = 1, we get that p | |N |. Let R be a minimal normal subgroup of G, which is different
from N . Then p | |R| and either G/R ∈ Up or |G/R|p = p as above. First suppose that
G/N ∈ Up and G/R ∈ Up. Then G ∈ Up, a contradiction.
Next consider that G/N ∈ Up and |G/R|p = p. Note that RN/N is a minimal normal
subgroup of G/N and p | |R|. This induces that |R| = |RN/N | = p, and so |P | = |G|p = p
2.
Since |N |p = |NR/R|p ≤ |G/R|p = p and p | |N |, we have that |N |p = p. This shows that
P ∩ N ∈ Sylp(N) is a nontrivial maximal subgroup of P . Hence P ∩ N satisfies partial Π-
property in G. Then G has a chief series ΓG : 1 = G0 < G1 < · · · < Gn = G such that for
every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG((P ∩ N)Gi−1 ∩ Gi)| is a p-number.
Note that there exists an integer k (1 ≤ k ≤ n) such that Gk = Gk−1 × N . It follows that
|G : NG((P ∩N)Gk−1∩Gk)| is a p-number. Since P ∩NEP , we get that (P ∩N)Gk−1∩GkEG.
This deduces that P ∩N EG, and so N ≤ P . Consequently, |N | = p. It follows that G ∈ Up,
which is absurd. If G/R ∈ Up and |G/N |p = p, we can handle it in a similar way.
Finally, assume that |G/N |p = p and |G/R|p = p. Then since p | |N | and p | |R|, we
get that |N |p = |R|p = p and |G|p = p
2. This induces that P ∩ N and P ∩ R are nontrivial
maximal subgroups of P , and so P ∩ N and P ∩ R satisfy partial Π-property in G. With a
similar discussion as above, we have that P ∩N EG and P ∩REG. This implies that N ≤ P
and R ≤ P . Therefore, P = N × R EG, and thereby G ∈ Up. The final contradiction shows
that (3) holds.
(4) N ≤ Op(G).
If not, then Op(G) = 1 by (3). Let H be a maximal subgroup of P . Then H satisfies
partial Π-property in G. Thus G has a chief series ΓG : 1 = G0 < G1 = N < · · · < Gn = G
such that for every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG(HGi−1 ∩ Gi)| is a
p-number. It follows that |G : NG(H ∩ N)| is a p-number. Since H ∩ N E P , we have that
H ∩N EG, and so H ∩N ≤ Op(G) = 1. Hence |N |p = p. If |G|p > p, then P has a maximal
subgroup L containing P ∩ N . By hypothesis, L satisfies partial Π-property in G. Similarly
as above, we can conclude that L ∩ N ≤ Op(G) = 1, and thereby P ∩ N = L ∩ N = 1, a
contradiction. Therefore, |G|p = p, which is absurd. Thus (4) follows.
(5) N  Φ(P ).
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If N ≤ Φ(P ), then N ≤ Φ(G). If G/N ∈ Up, then G ∈ Up, which is impossible. Hence
by (3), we may assume that |G/N |p = p. Put A/N = Op′(G/N). Since A ∩ P ≤ N ≤ Φ(P ),
A is p-nilpotent by [22, IV, Theorem 4.7]. Let Ap′ be the normal p-complement of A. Then
Ap′ ≤ Op′(G) = 1, and thus A is a p-group. It follows that A = N , and so Op′(G/N) = 1.
Let X/N be a G-chief factor. As Op′(G/N) = 1, we have that p | |X/N |. This deduces that
|X/N |p = |G/N |p = p and P ≤ X . Clearly, the hypothesis holds for (G,X). Suppose that
X < G. Then by the choice of (G,E), we obtain that either X ≤ ZpU(G) or |X|p = p. In the
former case, G ∈ Up, a contradiction. In the latter case, |G|p = |X|p = p, also a contradiction.
Thus X = G. Then G/N is a G-chief factor. Considering the above, we may assume that
G/N is a non-abelian simple group.
It is clear that N is a maximal subgroup of P . Thus N = Φ(P ), and so P is a cyclic group.
It follows that |N | = p and |G|p = |P | = p
2. As G/N is a non-abelian simple group, we have
that G′ = G. Note that G/CG(N) > Aut(N) is abelian. This implies that CG(N) = G
′ = G,
and so N ≤ Z(G). Hence N ≤ G′ ∩ Z(G) ∩ P , which contradicts Lemma 2.4. This ends the
proof of (5).
(6) Final contradiction.
Since N  Φ(P ), P has a maximal subgroup H such that N  H . By hypothesis, H
satisfies partial Π-property in G. Thus G has a chief series ΓG : 1 = G0 < G1 = N < · · · <
Gn = G such that for every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG(HGi−1 ∩Gi)|
is a p-number. It follows that |G : NG(H ∩ N)| is a p-number. As H ∩ N E P , we get that
H ∩N EG. Therefore, H ∩N = 1, and so |N | = p.
If G/N ∈ Up, then G ∈ Up, a contradiction. Thus by (3), |G/N |p = p holds. Then
there exists an integer k (2 ≤ k ≤ n) such that p | |Gk/Gk−1|. Without loss of generality,
we may assume that H ≤ Gk and Gk/Gk−1 is a non-abelian simple group. By hypothesis,
|G : NG(HGk−1)| is a p-number. Since HEP , we have that HGk−1EG. It follows that either
HGk−1 = Gk or HGk−1 = Gk−1. In the former case, |Gk/Gk−1| is a p-number, a contradiction.
In the latter case, H ≤ Gk−1, and so P = HN ≤ Gk−1, also a contradiction. The proof is
thus completed.
Proof of Theorem A. By Proposition 1.4, we have that either X ≤ ZpU(G) or |X|p = p. If
X ≤ ZpU(G), then F
∗
p (E) ≤ ZpU(G). Hence by Lemma 2.5(2), E ≤ ZpU(G), and so G ∈ Gp′F
by Lemma 2.6(2). Now consider that |X|p = p. We may suppose that X is not p-solvable.
Then by Lemma 2.7, X/Op′(X) is a quasisimple group.
In additional, assume thatX = F ∗p (E). By [4, Lemma 2.10(2)],X/Op′(X) = F
∗
p (X)/Op′(X) =
F ∗p (X/Op′(X)) = F
∗(X/Op′(X)) is quasinilpotent. SinceX/Op′(X) is not p-solvable, Soc(X/Op′(X))
is a non-abelian simple group by Lemma 2.7, and so F (X/Op′(X)) = 1. It follows from [23, X,
Theorem 13.13] that X/Op′(X) = Soc(X/Op′(X)) is simple. Thus the theorem is proved.
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4 Proof of Theorem B
Proof of Proposition 1.5. Suppose that the result is false and let (G,P ) be a counterex-
ample for which |G|+ |P | is minimal. We proceed via the following steps.
(1) G has a unique normal subgroup N such that P/N is a G-chief factor, N ≤ ZU(G) and
|P/N | > p.
Let P/N be a G-chief factor. It is easy to see that (G,N) satisfies the hypothesis. By
the choice of (G,P ), we have that N ≤ ZU(G). If |P/N | = p, then P/N ≤ ZU(G/N), and so
P ≤ ZU(G), which is contrary to our assumption. Hence |P/N | > p. Now assume that P/R is
a G-chief factor, which is different from P/N . Then R ≤ ZU(G) as above. By G-isomorphism
P/N = NR/N ∼= R/N ∩R, we have that P/N ≤ ZU(G/N), a contradiction. Thus (1) follows.
(2) The exponent of P is p or 4 (when P is not quaternion-free).
Let C be a Thompson critical subgroup of P . If Ω(C) < P , then Ω(C) ≤ N ≤ ZU(G) by
(1), and so P ≤ ZU(G) by Lemma 2.2, which is impossible. Hence P = C = Ω(C). If P is
a non-abelian quaternion-free 2-group, then P has a characteristic subgroup T of index 2 by
Lemma 2.8. By (1), T ≤ N , and so |P/N | = 2, which is absurd. Thus P is a non-abelian
2-group if and only if P is not quaternion-free. Then by Lemma 2.9, the exponent of P is p
or 4 (when P is not quaternion-free).
(3) Final contradiction.
Note that P/N ∩ Z(Gp/N) > 1. Let L/N be a subgroup of P/N ∩ Z(Gp/N) of order p.
Then we may choose an element l ∈ L\N . Put H = 〈l〉. Then L = HN and H is a subgroup
of order p or 4 (when P is not quaternion-free) by (2). By hypothesis, H satisfies partial
Π-property in G. Then G has a chief series ΓG : 1 = G0 < G1 < · · · < Gn = G such that for
every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG(HGi−1∩Gi)| is a p-number. Clearly,
there exists an integer k (1 ≤ k ≤ n) such that P  Gk−1N and P ≤ GkN . Since N is the
unique normal subgroup of G such that P/N is a G-chief factor, we have that P ∩Gk−1 ≤ N
and P∩Gk = P . Thus |G : NG(HGk−1)| is a p-number. As HEGp, we obtain that HGk−1EG.
This implies that L = HN = (HGk−1∩P )NEG. Hence |P/N | = |L/N | = p, a contradiction.
The proof is thus completed.
Proof of Proposition 1.6. Suppose that the result is false and let (G,E) be a counterex-
ample for which |G|+ |E| is minimal. We proceed via the following steps.
(1) Op′(E) = 1.
Assume that Op′(E) 6= 1. Then the hypothesis holds for (G/Op′(E), E/Op′(E)) by Lemma
2.1(3). By the choice of (G,E), we have that E/Op′(E) ≤ ZpU(G/Op′(E)) = ZpU(G)/Op′(E).
This implies that E ≤ ZpU(G), a contradiction.
(2) E = G.
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If E < G, then by Lemma 2.1(2), (E,E) satisfies the hypothesis. Due to the choice of
(G,E), we get that E ∈ Up. It follows from (1) and Lemma 2.3 that P E G. Then by
Proposition 1.5, we have that P ≤ ZU(G), and thereby E ≤ ZpU(G), which is impossible.
(3) Op(G) ≤ ZU(G).
This follows directly from Proposition 1.5.
(4) ZpU(G) is the unique normal subgroup of G such that G/ZpU(G) is a G-chief factor and
Z(G) = ZU(G) = Op(G) is the Sylow p-subgroup of ZpU(G).
Let G/L be a G-chief factor. Then clearly, (G,L) satisfies the hypothesis. By the choice
of (G,E), L ≤ ZpU(G), and so L = ZpU(G) for G /∈ Up. This implies that ZpU(G) is the
unique normal subgroup of G such that G/ZpU(G) is a G-chief factor. Since Op′(G) = 1 by
(1) and (2), Op(G) is the Sylow p-subgroup of ZpU(G) by (3) and Lemma 2.3. If G
U < G,
then GU ≤ ZpU(G). It follows from Lemma 2.6(2) that G ∈ Up, a contradiction. Thus
GU = G. By [10, IV, Theorem 6.10], ZU(G) ≤ Z(G), and thereby ZU(G) = Z(G). Since
Op′(Z(G)) ≤ Op′(G) = 1 and Op(G) ≤ ZU(G) by (1)-(3), we obtain that Z(G) = Op(G).
Hence (4) holds.
(5) Ψp(G) = G.
If not, then since Ψp(G)EG, we have that Ψp(G) ≤ ZpU(G) by (4), and so Ψp(G) ≤ ZU(G).
By Lemma 2.10, G ∈ Up, which is absurd.
(6) Final contradiction.
First assume that either p > 2 or p = 2 and P is not quaternion-free. Since Ψp(G) = G,
there exists an element x of G of order p or 4 not contained in ZpU(G). By Lemma 2.1(1),
without loss of generality, we may let x ∈ P . Put H = 〈x〉. Then H satisfies partial Π-
property in G. Thus G has a chief series ΓG : 1 = G0 < G1 < · · · < Gn−1 = ZpU(G) < Gn = G
such that for every G-chief factor Gi/Gi−1 (1 ≤ i ≤ n) of ΓG, |G : NG(HGi−1 ∩ Gi)| is a
p-number. It follows from (4) that |G : NG(HZpU(G))| is a p-number. This implies that
G = (HZpU(G))
G = (HZpU(G))
P ≤ PZpU(G). Hence |G/ZpU(G)| = p, and so G = ZpU(G), a
contradiction.
Now consider that p = 2 and P is quaternion-free. Put Ψ2
′(G) = 〈x | x ∈ G, o(x) = 2〉.
Then since Ψ2
′(G) E G, either Ψ2
′(G) ≤ Z2U(G) or Ψ2
′(G) = G by (4). If Ψ2
′(G) ≤ Z2U(G),
then Ω1(P ) ≤ ZU(G) = Z(G) by (4), and so G is 2-nilpotent by Lemma 2.11, which is
impossible. Therefore, we have that Ψ′2(G) = G. Then there exists an element y of G of
order 2 not contained in Z2U(G). With a similar discussion as above, we can also obtain a
contradiction. This completes the proof.
Proof of Theorem B. By Proposition 1.6, we have that F ∗p (E) ≤ ZpU(G). It follows from
Lemma 2.5(2) that E ≤ ZpU(G), and so the theorem holds by Lemma 2.6(2).
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5 Proof of Theorem C
Proof of Proposition 1.7. By Lemma 2.12, Proposition 1.4, and Proposition 1.6, we have
that E ∈ Up. Since (|E|, p − 1) = 1, it is easy to see that every E-chief factor of order p is
central in E. Hence E ∈ Np holds.
Proof of Theorem C. Suppose that the result is false and let (G,E) be a counterexample
for which |G|+ |E| is minimal. Let p be the smallest prime divisor of |X| and P ∈ Sylp(X).
If P is cyclic, then X is p-nilpotent by Lemma 2.12. If P is not cyclic, then by Proposition
1.7, X is also p-nilpotent. Let Xp′ be the normal p-complement of X . Then Xp′ E G. If
P is cyclic, then X/Xp′ ≤ ZU(G/Xp′). Now consider that P is not cyclic. Then by Lemma
2.1(3), (G/Xp′, X/Xp′) satisfies the hypothesis of Proposition 1.3 or Proposition 1.5. Hence
X/Xp′ ≤ ZU(G/Xp′) also holds.
Let q be the smallest prime divisor of |Xp′| and Q ∈ Sylq(X). With a similar argument
as above, we get that Xp′ is q-nilpotent and Xp′/X{p,q}′ ≤ ZU(G/X{p,q}′), where X{p,q}′ is the
normal q-complement of Xp′. The rest may be deduced by analogy. Hence we obtain that
X ≤ ZU(G). It follows from Lemma 2.5(1) that E ≤ ZU(G). Then by Lemma 2.6(1), G ∈ F,
which completes the proof.
6 Proof of the Corollaries
Proof of Corollary 1.8. Suppose that the result is false and let (G,E) be a counterexample
for which |G|+ |E| is minimal. By Lemma 2.1(3), it is easy to see that the hypothesis holds
for (G/Op′(E), E/Op′(E)). If Op′(E) 6= 1, then by the choice of (G,E), G/Op′(E) ∈ F, and
so G ∈ F, a contradiction. Hence Op′(E) = 1. By Proposition 1.4 and Proposition 1.6, we get
that either E ∈ Up or |E|p = p. Suppose that |E|p = p. Then P is a cyclic group of order
p. Since NG(P ) ∈ Np, we have that NE(P ) = P ×H , where H is the normal p-complement
of NE(P ). It follows that NE(P ) = CE(P ). Hence E ∈ Np by Burnside’s Theorem. As
Op′(E) = 1, P = E EG. This implies that G = NG(P ) ∈ Np ⊆ F, a contradiction. We may,
therefore, assume that E ∈ Up. In this case, P EE by Lemma 2.3, and so P EG. This induces
that G = NG(P ) ∈ Np ⊆ F, also a contradiction.
Proof of Corollary 1.9. By [25, Proposition 2.3(2)], every cyclic subgroup of F ∗(E) of prime
order or order 4 (when the Sylow 2-subgroups of F ∗(E) are not quaternion-free) satisfies partial
Π-property in G. It follows from Proposition 1.6 that F ∗(E) ≤ ZU(G), and so F
∗(E) = F (E)
by [23, X, Corollary 13.7(d)]. Note that O2(E) ≤ Z∞(G). Then by Lemma 2.2, we have
that F ∗(E) = F (E) ≤ Z∞(G). It follows from Lemma 2.5(1) that E ≤ Z∞(G) ≤ ZF(G).
Therefore, the corollary holds by [15, Lemma 2.13].
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7 Remarks and Applications
In this section, we shall show that partial Π-property still holds on the subgroups which
satisfy a certain known embedding property mentioned below. In brief, we only focus on most
important and recent embedding properties.
Recall that a subgroup H of G is called to be a CAP-subgroup if H either covers or
avoids every G-chief factor. Let F be a saturated formation. A subgroup H of G is said
to be F-hypercentrally embedded [11] in G if HG/HG ≤ ZF(G/HG). A subgroup H of G is
called to be quasinormal (or permutable) in G if H H permutes with every subgroup of G.
A subgroup H of G is said to be S-quasinormal (or S-permutable) in G if H permutes with
every Sylow subgroup of G. Let X be a non-empty subset of G. A subgroup H of G is called
to be X-permutable [17] with a subgroup T of G if there exists an element x ∈ X such that
HT x = T xH . A subgroup H of G is said to be S-semipermutable [9] in G if H permutes
with every Sylow p-subgroup of G such that (p, |H|) = 1. A subgroup H of G is called to be
SS-quasinormal [27] in G if H has a supplement K in G such that H permutes with every
Sylow subgroup of K.
Lemma 7.1. Let H be a subgroup of G. Then H satisfies Π-property, and thus satisfies
partial Π-property in G, if one of the following holds:
(1) H is a CAP-subgroup of G.
(2) H is U-hypercentrally embedded in G.
(3) H is S-quasinormal in G.
(4) H is X-permutable with all Sylow subgroups of G, where X is a solvable normal
subgroup of G.
(5) H is a p-group and H is S-semipermutable in G.
(6) H is a p-group and H is SS-quasinormal in G.
Proof. Statements (1)-(4) were proved in [25], and the proof of [25, Proposition 2.4] still works
for statement (5).
(6) By (5), we only need to prove that H is S-semipermutable in G. By definition, H
has a supplement K in G such that H permutes with every Sylow subgroup of K. Let Gp
be a Sylow p-subgroup of G such that (p, |H|) = 1. Then there exists an element h ∈ H
such that Gp
h ≤ K. It follows that HGp
h = Gp
hH , and thereby HGp = GpH . Hence H is
S-semipermutable in G. This shows that H satisfies Π-property in G.
Recall that a subgroup H of G is called to be a partial CAP-subgroup (or semi CAP-
subgroup) [12] if there exists a chief series ΓG of G such that H either covers or avoids every
G-chief factor of ΓG. A subgroup H of G is said to be S-embedded [14] in G if G has a normal
subgroup K such that HK is S-quasinormal in G and H ∩K ≤ HsG, where HsG denotes the
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subgroup generated by all those subgroups of H which are S-quasinormal in G. Let F be a
formation. A subgroup H of G is called to be F-quasinormal [32] in G if G has a quasinormal
subgroupK such thatHK is quasinormal in G and (H∩K)HG/HG ≤ ZF(G/HG). A subgroup
H of G is said to be Fs-quasinormal [20] in G if G has a normal subgroup K such that HK
is S-quasinormal in G and (H ∩K)HG/HG ≤ ZF(G/HG).
Lemma 7.2. Let H be a subgroup of G. Then H satisfies partial Π-property in G, if one of
the following holds:
(1) H is a partial CAP-subgroup of G.
(2) H is S-embedded in G.
(3) H is U-quasinormal in G.
(4) H is Us-quasinormal in G.
Proof. Statement (1) directly follows from definitions of partial CAP-subgroups and partial
Π-property.
(2) Suppose that H is S-embedded in G. Then G has a normal subgroup K such that
HK is S-quasinormal in G and H ∩K ≤ HsG. By Lemma 7.1(3), HK satisfies Π-property,
and thus satisfies partial Π-property in G. It follows from Lemma 2.1(3) that HK/K satisfies
partial Π-property in G/K. Note that HsG is S-quasinormal in G by [34, Corollary 1]. Hence
HsG also satisfies Π-property in G by Lemma 7.1(3). This implies that for every G-chief factor
A/B below K, |G : NG(HsGB ∩A)| is a pi((HsGB ∩A)/B)-number. Since H ∩K = HsG ∩K,
we have that |G : NG(HB ∩ A)| is a pi((HB ∩ A)/B)-number. Then by Lemma 2.1(5), H
satisfies partial Π-property in G.
(3) Suppose that H is U-quasinormal in G. Then G has a quasinormal subgroup K such
that HK is quasinormal in G and (H ∩K)HG/HG ≤ ZU(G/HG). It follows from [32, Lemma
2.2(2)] that H/HG is U-quasinormal in G/HG. If HG 6= 1, then by induction, H/HG satisfies
partial Π-property in G/HG. Hence H satisfies partial Π-property in G by Lemma 2.1(5). We
may, therefore, assume that HG = 1. Since HK is quasinormal in G, HK
G is also quasinormal
in G. By Lemma 7.1(3) and Lemma 2.1(3), HKG/KG satisfies partial Π-property in G/KG.
As K is quasinormal in G, KG/KG ≤ Z∞(G/KG) ≤ ZU(G/KG) by [31, Theorem]. Then it is
easy to see that for every G-chief factor A/B with KG ≤ B ≤ A ≤ K
G, |G : NG(HB ∩ A)|
is a pi((HB ∩ A)/B)-number. By Lemma 2.1(5), HKG/KG satisfies partial Π-property in
G/KG. Since H ∩K is U-hypercentrally embedded in G, H ∩K satisfies Π-property in G by
Lemma 7.1(2). Then for every G-chief factor A/B below KG, |G : NG((H ∩K)B ∩ A)| is a
pi(((H ∩K)B ∩ A)/B)-number, and so |G : NG(HB ∩ A)| is a pi((HB ∩ A)/B)-number. By
Lemma 2.1(5) again, H satisfies partial Π-property in G.
Statement (4) can be handled similarly as (3).
Recall that a subgroup H of G is called to be Π-normal [25] in G if G has a subnormal
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subgroup K such that G = HK and H ∩ K ≤ I ≤ H , where I satisfies Π-property in
G. A subgroup H of G is said to be Uc-normal [1] in G if G has a subnormal subgroup K
such that G = HK and (H ∩ K)HG/HG ≤ ZU(G/HG). A subgroup H of G is called to
be weakly S-permutable [35] in G if G has a subnormal subgroup K such that G = HK
and H ∩K ≤ HsG, where HsG denotes the subgroup generated by all those subgroups of H
which are S-quasinormal in G. A subgroup H of G is said to be weakly S-semipermutable [28]
in G if G has a subnormal subgroup K such that G = HK and H ∩ K ≤ HssG, where
HssG denotes an S-semipermutable subgroup of G contained in H . A subgroup H of G is
called to be weakly SS-permutable [19] in G if G has a subnormal subgroup K such that
G = HK and H ∩K ≤ Hss, where Hss denotes an SS-quasinormal subgroup of G contained
in H . A subgroup H of G is said to be τ -quasinormal [30] in G if HGp = GpH for every
Gp ∈ Sylp(G) such that (p, |H|) = 1 and (|H|, |Gp
G|) 6= 1. A subgroup H of G is called to
be weakly τ -quasinormal [30] in G if G has a subnormal subgroup K such that G = HK and
H ∩K ≤ HτG, where HτG denotes the subgroup generated by all those subgroups of H which
are τ -quasinormal in G.
Lemma 7.3. Let H be a p-subgroup of G. Then H satisfies partial Π-property in G, if one
of the following holds:
(1) H is Π-normal in G.
(2) H is Uc-normal in G.
(3) H is weakly S-permutable in G.
(4) H is weakly S-semipermutable in G.
(5) H is weakly SS-permutable in G.
(6) H is weakly τ -quasinormal in G.
Proof. (1) Suppose that H is Π-normal in G. Then G has a subnormal subgroup K such that
G = HK and H∩K ≤ I ≤ H , where I satisfies Π-property in G. Since |G : K| is a p-number,
Op(G) ≤ K. It follows that for every G-chief factor A/B below Op(G), |G : NG(IB ∩ A)| is
a p-number. As H ∩ K = I ∩ K, we have that |G : NG(HB ∩ A)| is a p-number. Clearly,
HOp(G)/Op(G) satisfies partial Π-property in G/Op(G). Then by Lemma 2.1(5), H satisfies
partial Π-property in G.
Statements (2)-(5) directly follow from (1) and the fact that a Uc-normal (resp. weakly
S-permutable, weakly S-semipermutable, weakly SS-permutable) subgroup of G is Π-normal
in G by Lemma 7.1.
(6) Suppose that H is weakly τ -quasinormal in G. Then G has a subnormal subgroup
K such that G = HK and H ∩ K ≤ HτG. If Op′(G) 6= 1, then by [30, Lemma 2.4(4)],
HOp′(G)/Op′(G) is weakly τ -quasinormal in G/Op′(G). By induction, HOp′(G)/Op′(G) satis-
fies partial Π-property in G/Op′(G). Then by Lemma 2.1(5), H satisfies partial Π-property in
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G. We may, therefore, assume that Op′(G) = 1. By [30, Lemma 2.3(1)], HτG is τ -quasinormal
in G. It follows that HτGGq = GqHτG for every Gq ∈ Sylq(G) with q ∈ pi(G) such that
q 6= p and p | |Gq
G|. As Op′(G) = 1, we have that p | |Gq
G| for every q 6= p. Hence HτG
is S-semipermutable in G, and so H is weakly S-semipermutable in G. By (4), H satisfies
partial Π-property in G.
Now our attention is restricted to the solvable universe. Recall that a subgroup H of G
is said to be S-quasinormally embedded [6] in G if every Sylow subgroup of H is a Sylow
subgroup of some S-quasinormal subgroup of G. A subgroup H of G is called to be S-
conditionally permutable [21] in G if H permutes with at least one Sylow p-subgroup of G for
every p ∈ pi(G). A subgroup H of G is said to be S-C-permutably embedded [7] in G if every
Sylow subgroup of H is a Sylow subgroup of some S-conditionally permutable subgroup of G.
Lemma 7.4. Let H be a subgroup of G contained in a solvable normal subgroup N of G.
Then H satisfies Π-property, and thus satisfies partial Π-property in G, if one of the following
holds:
(1) H is S-quasinormally embedded in G.
(2) H is S-conditionally permutable in G.
(3) H is S-C-permutably embedded in G.
Proof. Statements (1)-(2) were proved in [25, Proposition 2.5].
(3) Suppose that H is S-C-permutably embedded in G. Let L/K be a G-chief factor. Then
we only need to prove that |G : NG(HK ∩ L)| is a pi((HK ∩ L)/K)-number. By [7, Lemma
2.2(1)], we may assume that K = 1 by induction. If N ∩ L = 1, then H ∩ L = 1, there is
nothing to prove. Now suppose that L ≤ N . Then L is a p-group with p ∈ pi(G). Since H is
S-C-permutably embedded in G, G has an S-conditionally permutable subgroup X such that
some Sylow p-subgroup of H is a Sylow p-subgroup of X . This implies that H ∩ L = X ∩ L.
As X is S-conditionally permutable in G, for every q ∈ pi(G) with p 6= q, G has a Sylow q-
subgroup Gq such that X permutes with Gq. It follows that H∩L = X∩L = XGq∩LEXGq,
and thereby Gq ≤ NG(H ∩ L). Hence |G : NG(H ∩ L)| is a p-number. This shows that H
satisfies Π-property in G.
Recall that a subgroup H of G is said to be weakly S-embedded [26] in G if G has a normal
subgroup K such that HK is S-quasinormal in G and H ∩K ≤ HseG, where HseG denotes the
subgroup generated by all those subgroups of H which are S-quasinormally embedded in G. A
subgroup H of G is called to be weakly S-permutably embedded [29] in G if G has a subnormal
subgroup K such that G = HK and H ∩ K ≤ Hse, where Hse denotes an S-quasinormally
embedded subgroup of G contained in H .
Lemma 7.5. Let H be a p-subgroup of G contained in a solvable normal subgroup N of G.
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Then H satisfies partial Π-property in G, if one of the following holds:
(1) H is weakly S-embedded in G.
(2) H is weakly S-permutably embedded in G.
Proof. (1) Suppose that H is weakly S-embedded in G. Then G has a normal subgroup K
such that HK is S-quasinormal in G and H ∩ K ≤ HseG. By [26, Lemma 2.4(1)], H/HG is
weakly S-embedded in G. If HG 6= 1, then by induction, H/HG satisfies partial Π-property
in G/HG. Hence H satisfies partial Π-property in G by Lemma 2.1(5). We may, therefore,
assume that HG = 1. By [26, Lemma 2.4(3)], HOp′(G)/Op′(G) is weakly S-embedded in
G/Op′(G). Similarly as above, we may assume that Op′(G) = 1. Let H1, H2, · · · , Hn be all
subgroups of H which are S-quasinormally embedded in G. Then there exist S-quasinormal
subgroups X1, X2, · · · , Xn of G with Hi ∈ Sylp(Xi) for 1 ≤ i ≤ n. Suppose that (Xk)G 6= 1 for
some integer k. Let Nk be a minimal normal subgroup of G contained in (Xk)G. If N∩Nk = 1,
then Hk ∩Nk = 1, and so p ∤ |Nk|. Hence Nk ≤ Op′(G) = 1, a contradiction. Thus Nk ≤ N .
Since Op′(G) = 1, Nk is a p-group. This implies that Nk ≤ (Hk)G = 1, which is impossible.
Consequently, we get that (Xi)G = 1 for 1 ≤ i ≤ n. By [34, Proposition A], Xi is nilpotent
for 1 ≤ i ≤ n. It follows from [34, Proposition B] that Hi is S-quasinormal in G for 1 ≤ i ≤ n.
Therefore, by [34, Corollary 1], HseG = 〈H1, H2, · · · , Hn〉 is S-quasinormal in G. This shows
that H is S-embedded in G. Hence H satisfies partial Π-property in G by Lemma 7.2(2).
Statement (2) directly follows from Lemma 7.3(1) and the fact that a weakly S-permutably
embedded subgroup of G is Π-normal in G by Lemma 7.4(1).
By the above lemmas, one can see that a lot of previous results can be deduced from our
theorems. Interested readers may refer to the relevant literature for further details.
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